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Abstract. This work introduces a first approach to track moving-
samples or frames matching each sample to a single meaningful value.
This is done by combining the kernel spectral clustering with a feature
relevance procedure that is extended to rank the frames in order to track
the dynamic behavior along a frame sequence. We pose an optimization
problem to determine the tracking vector, which is solved by the eigen-
vectors given by the clustering method. Unsupervised approaches are
preferred since, for motion tracking applications, labeling is unavailable
in practice. For experiments, two databases are considered: Motion Cap-
tion and an artificial three-moving Gaussian in which the mean changes
per frame. Proposed clustering is compared with kernel K-means and
Min-Cuts by using normalized mutual information and adjusted random
index as metrics. Results are promising showing clearly that there ex-
ists a direct relationship between the proposed tracking vector and the
dynamic behavior.
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1 Introduction

Nowadays, dynamic or time-varying data analysis is of great interest for the
scientific community, specially in automation and pattern recognition. Video
analysis [1] and motion identification [2] are some of the applications. Spectral
matrix analysis is one of the approaches to address this issue. Spectral tech-
niques, particularly within the graph-cut framework, has been a suitable tool
in several aspects of interest in pattern recognition and machine learning even
when data are time-varying, such as the estimation of the number of clusters [3],
feature extraction and selection [4] as well as clustering [5] and classification [2].
Regarding spectral clustering, in [6] it is introduced the so-called kernel spectral
clustering (KSC), which is based on least-square support vector machines and
has shown to be a powerful tool for clustering hardly separable data allowing
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also extensions to out-of-samples [7]. In another work [4], the authors present a
definition of feature relevance aimed to selecting a subset of features founded on
spectral properties of the Laplacian of data matrix. This approach is based on
a continuous ranking of the features by means of a least-squares maximization
problem. Such maximization is done over a functional such that sparse solutions
for the ranking values are obtained by a spectral decomposition of non-negative
matrix [4]. What makes this approach interesting within the context that we are
concerned in this work is the possibility to get a ranking value for each frame
in the process of time-varying data analysis. In addition, the feature relevance
approach measures the relevance of a subset of features against its influence on
the cluster assignment.

In this work, from the KSC combined with the relevance ranking proposed in
[4], we introduce a novel approach to track moving samples or frames matching
each sample to an unique meaningful value. Notice that we prefer the unsuper-
vised approaches since, in practice, labeling is not available for motion tracking
applications. Our approach works as follows: it starts by clustering the input
data by means of KSC with a manually established of groups and a determined
kernel function. Then, we take the kernel matrix as another data representa-
tion that can be linearly projected in order to apply the relevance ranking over
the samples instead of the features as proposed in [4]. The projection matrix
is obtained as a sparse solution of a quadratic optimization problem, where a
projection energy (also called variance) term is maximized. It is proved that
projection matrix is the same as the eigenvector matrix given by KSC. Finally,
a tracking vector is obtained by a linear combination of such eigenvectors simi-
larly as described in [8]. Experiments are carried out using two databases: Motion
Caption and an artificial three-moving Gaussian in which the mean is changed
throughout the frames. Proposed KSC is compared with kernel K-means and
Min-Cuts [9]. To quantify the clustering performance, normalized mutual infor-
mation [10] and adjusted random index [11] metrics are used. Obtained results
are promising showing clearly that there exists a direct relationship between the
proposed tracking vector and the analyzed dynamic data.

2 Theoretical Background

2.1 Kernel Spectral Clustering

The aim of kernel spectral clustering (KSC), introduced in [6], is to divide a
data set of N samples into K homogeneous and disjoint subsets. Consider that
the data are arranged in the data matrix X ∈ R

N×d assuming that each sample
vector xi is d-dimensional, then X = [x�

1 , . . . ,x
�
N ]�. Assume a latent variable

model for the projections E ∈ R
N×ne as E = ΦW + 1N ⊗ b�, being matrix

Φ =
[
φ(x1)

�, . . . ,φ(xN )�
]�

, Φ ∈ R
N×dh , is a high dimensional representation

of data such that φ(·) maps data from the original dimension to a higher one dh,
i.e., φ(·) : Rd → R

dh ,W = [w(1), · · · ,w(ne)] is the weighting factor matrix,W ∈
R

dh×ne , and b = [b1, . . . , bne ] is a vector containing bias terms, b ∈ R
ne . Notation
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⊗ the Kronecker product and term ne denotes the number of considered support
vectors. Then, according to [6] within a least-square-support vector machine
framework, a matrix primal formulation of KSC can be stated as:

min
E,W ,b

1

2N
tr(E�V EΓ )− 1

2
tr(W�W ); s.t. E = ΦW + 1N ⊗ b� (1)

whereΓ = Diag([γ1, . . . , γne ]) is a diagonal matrix formed by the regulariza-
tion terms. Notations tr(·) and ⊗ denote the trace and the Kronecker product,
respectively.

To solve the KSC problem, we form the corresponding Lagrangian of previous
problem, as follows:

L(E,W ,Γ ,A) =
1

2N
tr(E�V E)− 1

2
tr(W�W )− tr(A�(E −ΦW − 1N ⊗ b�))

where matrix A ∈ R
N×ne contains the Lagrange multiplier vectors such that

A = [α(1), · · · ,α(ne)], and α(l) ∈ R
N is the l-th vector of Lagrange multipliers.

Then, we determine the Karush-Kuhn-Tucker conditions by solving the partial
derivatives on L(E,W ,Γ ,A). Afterwards, by eliminating the primal variables,
the optimization problem posed in equation (1) is reduced to the following dual
problem: AΛ = V HΦΦ�A, where Λ = Diag(λ1, . . . , λne) is a diagonal matrix
formed by the eigenvalues λl = N/γl, matrix H ∈ R

N×N is the centering matrix
that is defined as H = IN − 1/(1�

NV 1N )1N1�
NV , being IN a N -dimensional

identity matrix. In addition, by applying the kernel trick in such a way that
Ω ∈ R

N×N be the kernel matrix Ω = [Ωij ] = K(xi,xj), i, j ∈ [N ], we have that

Ω = ΦΦ�. Notation K(·, ·) : Rd×R
d → R stands for the kernel function. Notice

that matrix A becomes the eigenvectors. As a result, the set of projections can
be calculated as follows:

E = ΩA+ 1N ⊗ b� (2)

Taking into account that the kernel matrix represents the similarity matrix of a
graph with K connected subgraphs and assuming V = D−1 being D ∈ R

N×N

the degree matrix defined asD = Diag(Ω1N ); we can infer that the K−1 eigen-
vectors associated to the largest eigenvalues are cluster indicators [7]. Therefore,
value ne is fixed to be K − 1. Afterwards, since each cluster is represented by a
single coordinate in the K − 1-dimensional eigenspace, we can encode the eigen-
vectors considering that two points are in the same cluster if they are in the
same orthant in the corresponding eigenspace [7]. Therefore, by binaryzing the

rows of the projection matrix E, we obtain the code book as Ẽ = sgn(E), where
sgn(·) is the sign function. Thus, its corresponding rows are codewords, which
allow to form the clusters according to the minimal Hamming distance.

2.2 Tracking by KSC

Similarly as the relevance analysis explained in [4] in which a functional regarding
a non-negative matrix is introduced, we pose an optimization problem with the
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difference that we are concerned of obtaining the ranking values for samples
instead of features, as follows: Focusing on the task of interest, consider that
the non-negative matrix is chosen as Ω and the data matrix X is formed in
such a way that each row is a frame, i.e., xi is the vectorization of coordinates
representing the i-th frame. By recalling equation (2), an energy maximization
problem can be written as:

max
U

tr(U�Ω�ΩU); s.t. U�U = Ine (3)

The orthonormal rotation matrix is U is in sizeN×ne, such that the linear trans-
formation Z ∈ R

N×ne of kernel matrix is in the form Z = ΩU . Considering the
procedure described in section 2.1, we can notice that tr(U�Ω�ΩU) = tr(Λ2)
and therefore a feasible solution of the problem is U = A. Now, as explained in
[8], a ranking vector η ∈ R

N can be expressed as a linear combination of vectors
α(l) so:

η =

ne∑

l=1

λl|α(l)| (4)

where | · | denotes absolute value. Accordingly, the ranking factor ηi is a single
value representing an unique frame in a sequence. In this sense, η can be called
tracking vector.

3 Experimental Set-Up

3.1 Databases

Motion Caption. The data used in this work was obtained from mo-
cap.cs.cmu.edu. The database was created with funding from NSF EIA-0196217.
In this work, we use the trial number 4 (02 04), particularly, the subject #2
(jump, balance). Each frame is in size 38× 3 representing the coordinates X , Y
and Z of the subject’s body points, therefore each xi is 114-dimensional. Since
484 frames are considered, data matrix is in size 484× 114.
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Fig. 1. Motion Caption Database
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Three-Moving Gaussian. An artificial three dimensional Gaussian data se-
quence is also considered, which consist of Gaussian data with 3 clusters in
such a way the deviation standard is static for all the frames and means are
decreasing to move per frame each cluster towards each other. Namely, for a
total of Nfm frames the mean and standard deviation vectors at r-th frame are
respectively in the form μ = [μ1, μ2, μ3] = [−20(1− r/Nfm), 0,−20(1− r/Nfm)]
and s = [s1, s2, s3] = [1, 2, 3], being μj and sj the mean and standard devia-
tion corresponding to the j-th cluster, respectively; as well as j ∈ {1, 2, 3} and
r ∈ {1, . . . , Nfm}. The number of data samples per cluster is 300 and the con-
sidered total of frames is 100. Thus, each frame is in size 900× 3 which means
that xi is of length 2700 as well as data matrix is X ∈ R

100×2700. In Fig. 2,
some frames of moving Gaussian are depicted.
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Fig. 2. Three Gaussian Database

Data matrices from the both above databases are z-score normalized regarding
their columns before starting the clustering process.

3.2 Clustering and Kernel Parameters

All the experiments are performed under specific initial parameters, namely, the
number of clusters K and kernel function. For Motion Caption database (subject
#2 ), parameter K is set to be 5. In case of moving Gaussian, we empirically
determine that K = 4. The considered kernel for both cases is the local-scaled
Gaussian kernel [12] defined as: Ωij = exp(−‖xi − xj‖22/(σiσj)), where ‖ · ‖ de-
notes the Euclidean norma and the scale parameter σi is chosen as the Euclidean
distance between the sample xi and its corresponding m-th nearest neighbor.
Free parameter m is empirically set by varying it within an interval and then it
is chosen as that one achieving greatest Fisher’s criterion value. In the case of
Motion Caption, we obtain m = 35; while m = 10 for the moving Gaussian.

For comparison purposes, kernel K-means (KKM) and Min-Cuts are also con-
sidered [9]. The clustering performance is quantified by two metrics: normalized
mutual information (NMI) [10] and adjusted random index (ARI) [11]. Both
metrics return values ranged into the interval [0, 1], being closer than 1 when
better is the clustering performance.
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4 Results

4.1 Results for Motion Caption Database

After applying KSC over matrix X, vector η is calculated using (4). Fig. 3 is the
dynamic analysis achieved by KSC. The tracking vector plotting is shown in Fig.
3(a). As it can be appreciated, η has a multi-modal shape. Since the eigenvectors
α(l) point out the direction where samples have the most variability measured in
term of a generalized inner product (Φ�Φ), we can infer that each mode might
represent a different cluster. In Fig. 3(b), the reference labeling vector is shown
which is obtained by detecting the local minima through a simple search. Such
vector is henceforth considered as the reference labels to quantify the clustering
performance by NMI and ARI.
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Fig. 3. Dynamic analysis of Subject # 2 by KSC

In Fig. 4, we can observe the dynamic behavior tracking done for all consid-
ered methods. We match the tracking vector with cluster indicators yielded by
each method. It is easy to appreciate that KSC performs a better clustering in
comparison to the other methods. This fact can be attributed to the coherence
and evident linkage between the tracking vector and KSC. Also, note that the
samples are organized in sequence, then we expect resultant clusters contain no
isolated or disconnected (out of sequence) samples. In other words, clustering
indicators reach low values when samples or frames are intermittently clustered
along time. Then, KKM and Min-Cuts generate partially wrong grouping. Nev-
ertheless, it is worth mentioning that this experimental framework was done
with a specific type of kernel as well as a determined parameter tuning, i.e.,
maximal Fisher’s criterion in this case. Thus, it is possible that such a tuning
process may not be appropriate for those methods. Albeit, it must be taken into
account that Fisher’s criterion is applied regardless the method, that is to say
that tuning process is done considering no the clustering method but the nature
of data by means of the within- and between-variance ratio (Fisher’s criterion).
The trial 4 (02 04) is a vertical jump as shown. Then, by comparing Fig. 1 with
Fig. 3, we can appreciate that the identified local minima determine five clus-
ters representing five dynamic instances along time, associated to subject #2.
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We name those clusters as follows: starting jump (between frames 1 and 95),
jumping on the air (between frames 96 and 182), arrival to the ground (between
frames 183 and 280), back step (between 281 and 404) and quiet – Standing
(between frames 405 and 484).
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Fig. 4. Clustering results for Subject # 2

The direct relationship between tracking vector η and the partition of natural
movements from Subject #2 can be plainly appreciated in Fig. 5, where the top
row shows one representative frame per cluster (in different color) while bottom
row depicts the η curve until the last frame of the corresponding cluster.
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As expected, each mode – frames between inflections forming a concave curve
– from η plotting corresponds to a natural cluster, which may even be determined
by simple inspection. The tracking effect can also be verified in Table 1. In terms
of the considered measures, we can observe that KSC outperforms both KKM
and Min-Cuts, which means that the clustering method might be coherent with
the tracking procedure. In this connection, KSC is the most suitable since η
comes from the eigenvectors.

Table 1. Clustering performance for Subject # 2 in terms of considered metrics

Measure Clustering Method
KSC KKM Min Cuts

NMI 0.8410 0.6982 0.6974

ARI 0.8163 0.5752 0.5400

4.2 Results for Three-Moving Gaussian Database

Similarly to the previous database, now we explore the dynamic behavior when
Gaussian data are moving towards each other. Fig. 6 depicts the tracking vectors
when varying the number of clusters from 2 to 6 on top, and the corresponding
reference labeling vectors at bottom.
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Fig. 6. Tracking Vectors for three-Gaussian moving
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Table 2. Effect of number of groups over the Subject #2

Measure K
Clustering Method

KSC KKM Min-Cuts

NMI

2 1 0.9291 1
3 0.5817 0.8068 0.7257
4 0.8839 0.8306 0.6408
5 0.7426 0.9470 0.5966
6 0.6998 0.7803 0.5900

ARI

2 1 0.9600 1
3 0.4017 0.8135 0.7046
4 0.8924 0.8227 0.5037
5 0.5840 0.9416 0.4148
6 0.5281 0.6761 0.3393
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Fig. 7. Three-moving Gaussian regarding tracking-generated reference labels

As it can be noted, either K = 2 or K = 4 seems to be the proper number
of clusters because in those modes are well formed and then easily identifiable.
Then, our approach can also be used to determine the number of groups in a
sequence of frames. Indeed, in Table 2 the best performance is reached when
clustering with those values of K.

For instance in Fig. 7, the tracking effect with K = 4 is shown. Again, each
mode represents a single cluster.
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5 Conclusions

This work presents a novel approach for motion tracking from a sequence of
moving samples or frames, which takes advantage of spectral properties from
a kernel-based clustering as well as a relevance ranking procedure. Tracking is
done by finding an unique value representing adequately each single frame. Our
approach determines a tracking vector that has a direct relationship with the
underlying dynamic behavior of analyzed sequence, allowing even to estimate
the number of groups as well as the ground truth. As a future work, with the
aim of designing an accurate tracking method able to be extended to prediction
problems, new spectral properties and techniques are to be explored.
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